We derive bounds on the deformation parameter of the κ-spacetime by analyzing the effect of non-commutativity on astrophysical model. We study compact stars, taken to be degenerate Fermi gas, in non-commutative spacetime. Using tools of statistical mechanics, we derive the degeneracy pressure of the compact star in κ-spacetime and from the hydrostatic equilibrium conditions we obtain a bound on the deformation parameter. We independently derive this bound using generalized uncertainty principle, which is a characteristic feature of quantum gravity approaches, strengthening the bound obtained.
Introduction
Formulating theory of gravitation in the quantum framework is quintessential for a complete understanding of the laws of universe. Recently, there has been attempts along different directions to explain quantum gravity. All these quantum gravity models predict the existence of a minimal length scale, at which the features of quantum gravity becomes discernible. One such feature is that the concept of spacetime becomes meaningless in an operational sense [1] . Implementing noncommutativity in spacetime is an efficient approach to capture the structure of spacetime at Planck scale [1] .
One of the physical systems, where quantum gravitational aspects are relevant, is in the situation of enormous amount of particles packed into a compact region of spacetime. As the region becomes more and more compact, we find that gravitational strength become so enormous that we have to take into account the features of quantum gravity theory. Since statistical mechanics plays an important role in understanding a system consisting of large number of particles, it is reasonable to assume that a study of statistical mechanics of these compact system in the background of a noncommutative spacetime will be a viable option to understand the Planck scale physics. The effect of Planck scale physics, especially of non-commutativity, in statistical mechanics has been reported by many in the literature [2] [3] [4] [5] [6] [7] . Compact stars appears to be a potential source to observe the effects of non-commutativity on statistical mechanics, due to its accessibility for observation. In this letter, we will be focusing primarily on the compacts stars to study the effect of noncommutativity.
There is another reason for the choice of compact stars as a means to explore the effects of noncommutativity. Astrophysical phenoemena have been attracting attention in the context of searches for quantum gravity signatures in recent times. Recently, there have been many interesting works searching for pointers of quantum gravity in gamma ray bursts [8] [9] [10] . The presence of GZK limit is studied in the literature as a manifestation of Planck scale physics [11] . Another interesting application of non-commutative physics is used in the study of GRB time delay [12] . It was argued that observations on Ultra High Energy Cosmic Rays (UHECR) are capable of providing indication about the modifications due to non-commutative physics on Hanbury-Brown Twiss (HBT) [13] . However, in the present paper, we take compact stars as an example to look for effects of quantum gravity at the astrophysical scale. Compact stars is one of the familiar example, where quantum mechanics and gravity comes in to play together.
The non-commutativity of space-time introduces a natural length scale beyond which sensible measurement of spacetime becomes meaningless. The existence of this length scale introduces an uncertainty in the measurement of spacetime coordinates. This led to the possibility of modification of Heisenberg uncertainty principle to a generalised uncertainty principle(GUP) [14] [15] [16] [17] . The assumption of length scale leads to a deformation of Heisenberg algebra. It is shown that this deformation depends explicitly on a dimensionful parameter of mass dimension [18] . Further, this deformed algebra is shown to establish the underlying algebraic structure for a GUP relation [18] . The implications of generalised form of uncertainty principle have been a source of investigation for the past few decades. A possible way to recover the uncertainty principle is to study the quantum aspects of geometry [19] . GUP is a useful tool to understand the corrections to Hamiltonian at the quantum gravity scale. Physical models have been studied using GUP and the corresponding quantum gravity corrections have been calculated [20] . These computations are used to obtain an upper bound on the length scale relevant to quantum gravity. An area of interest where the quantum gravity effects becomes prominent and is probably measurable, in the near future, is at the cosmological scale. Deformations to dispersion relation due to GUP is used to study ultra-relativistic particles in the early universe. It was shown that GUP leads to modification of thermodynamic behavior of these particles [21] . This suggest the possibility of studying thermodynamics and statistical mechanics of systems at quantum gravity scales using GUP deformations. The existence of a generalised uncertainty principle will also lead to a minimum accessible phase space volume. This has interesting consequences on the density of states of statistical mechanics system. The feature of decrease in the availability of microstates in the quantum gravity regime is explained by invoking generalised uncertainty principle [22] .
The above mentioned feature of reduction of microstates is easily illustrated in the study of degenerate Fermions. Since compact stars are an example of degenerate systems and in addition compact stars have the advantage of observational accessibility, it is of interest to study the effect of non-commutativity on the density of states and its effect on physical systems. In this work, we study compact stars, which is made up of degenerate Fermi gas, as a potential platform to study the corrections due to quantum gravity. This is done in two different ways. We first use modifications in tools of statistical mechanics due to non-commutativity to study the compact stars. We then re-derive these results in a completely different approach where GUP is used. Such a study invites the possibility of extending to the analysis of black holes in noncommutative spacetime. For this reason, the study of compact stars can be thought of as a first step in understanding the effects on black holes at the quantum gravity level and thus to have a better grasp on the features of quantum gravity theory.
In this letter, we use a specific example of noncommutative spacetime, namely κ-spacetime. κ-spacetime is the spacetime, one in which it's space and time coordinates are noncommuting and spa-tial coordinates commutes with each other. More specifically, it satisfy the relation: [x 0 ,x i ] = iax i and [x i ,x j ] = 0. In recent literature, it has been shown that the introduction of spatial noncommutativity lifts the degeneracy in fermion gas [23] . In this letter we will, however, be analyzing the effect of space and time noncommutativity using κ-spacetime. In this letter, we follow the approach of modelling κ-deformed theory in terms of commutative variables and deformation paremeter, which is constructed using a realization of κ-deformed coordinates in terms of commutative coordinates and their derivatives [24] . In this letter, we start with a choice of realization, ϕ = e ∓ap 0 in κ-spacetime. It is to be recalled that non-commutativity replaces usual particle statsitics with a twisted statistics. It is thus possible to study the effect of noncommutativity by applying twisted statistics [2, [25] [26] [27] . However, in the approach used in this letter, all the effects of κ-deformation is incorporated through the realization of non-commutative coordinates and the corresponding deformed dispersion relation. By this approach, we could work with ordinary Fermi statistics for Fermi gas in noncommutative spacetime, expressed in terms of commutative coordinates, their derivatives and deformation parameter a. With this idea in mind, we use the dispersion relation in this realization to find the density of states for a given energy interval. So obtained density of states is then used to calculate the energy density, number density and pressure due to gas of degenerate Fermi gas. These expressions are used to obtain the equation of state in the non-commutative case. In our calculation, since we are interested only in the region where density of matter is very high, we restrict ourselves to relativistic regime. As Fermi momentum is related to number density, this indicates the region we are looking at is where the Fermi momentum satisfy, p F ≫ m e c. We then apply these results to stars modelled as degenerate Fermi gas. Since, the pressure due to degeneracy opposes the gravitational force, the equilibrium situation implies the balance of gravitation pressure with radiation pressure. This is then used to obtain an upper bound on the value of deformation parameter a. We then start from the GUP and using it, derive the degeneracy pressure of Fermion gas. Using this we obtain a bound on a, which exactly matches with the previously obtained bound.
2 Degeneracy pressure and hyrdrostatic equillibrium in κ-spacetime:
A statistical mechanics approach
In this section we use tools of statistical mechanics to derive degeneracy pressure of gas of Fermions in κ-deformed spacetime. Since the compact stars are modelled as degenerate Fermi gas, this allows us to analyze properties of compact stars in κ-deformed spacetime. First, we will briefly review the calculations in commutative spacetime. Standard calculation in commutative settings starts with the computation of partition function for a Fermionic gas. The partition function is then used to obtain the formula for pressure, by using the relation between pressure and Landau potential, in terms of energy density. The density of states derived using energy-momentum relation is then used to find the hydrostatic equillibrium conditions. In performing this step, the Fermi gas is assumed to be degenerate, so that the temperature of the gas is safely set as T = 0. In order to study the balance between degeneracy pressure and gravitational pressure, the pressure obtained above is equated with gravitational pressure to set the condition for the equilibrium. This study of compact stars using statistical mechanics is crucial in understanding the stability of stars under gravitational collapse and for the in-depth exploration of the possibility of gravitational singularity (details on calculations in commutative spacetime can be seen in any standard textbooks on statistical mechanics, see for eg. [28, 29] ) and this led to famous Chandrasekhar limit for white dwarf [30] .
We start with the dispersion relation (see for details [24, 31] ) in κ-space time given by
Note that in our calculation, we take into the possibility of replacing of with k = + a 2 c 3 G , which has the correct dimension and reduces to in the commutative limit a → 0. The possibility of such a modification was studied in [6] .
For the choice of realization, ϕ = e ∓ ap 0 kc , we have the energy-momentum dispersion relation, valid to first order in a, is of the form
In writing the above equation, it should be emphasized that the factor k contains term having second order in a, but we retain only the first order term in the binomial expansion of k. This allows two possible solutions for energy p 0 as
(3) Among these, the solution with correct commutative limit is
It is to be noted that the '±' has its origin from two different possible choice of ϕ realizations. Keeping leading order correction in a, we write
We denote the non-commutative energy by ǫ and commutative energy byǫ = p 2 c 2 + m 2 c 4 , so above equation takes the form
Taking differentials, we obtain (keeping terms to first order in a)
From now on, we will denote the magnitude of p as p. Using the expression for commutative energy, we findǫ dǫ = c 2 pdp
Now, using eqn. (8) , derivative of ǫ with respect to p is, dǫ dp = dǫ dp
Working in the non-commutative canonical phase space ({x}, {p}), we write the density of states per unit volume per unit energy for an electron gas as
Note that D(ǫ) become a dependent through k and dp dǫ . This dependence on k leads to new corrections which are first order in a.
From eqns. (10) and (9), we write
where, g = 2 for an electron. Recall that the presence of ± in the expression is due to the reason that we have two different choices of ϕ realizations permissible. We thus see that presence of non-commutativity leads to a modification in the density of states, which is proportional to the deformation parameter a and energy of the stateǫ. Also, note that in the limit a → 0, we find that the expression for density of states matches with the familiar commutative result.
Probability for a system to be in state j with energy ǫ j , particle number N j and chemical potential µ is given by the well known relation
with β = 1/(k B T ). Then, Z is given as
with n r being the number of particles in the state labelled r. The average number of particles in state r is
Since electrons obey Pauli's exclusion principle,
This implies, ln Z = all states r ln 1 + e −β(ǫr−µ) .
It is to be stressed that in the expression for partition function, we have the effect of κ-deformation coming through the correction to the energy. Recall that the Landau potential is connected to Z as,
Hence, the Landau potential Φ is given by
We get the pressure by varying Φ with respect to the volume, while keeping temperature and chemical potential constant
At T = 0, we obtain the expression for P using eqn. (16) in (17),
where we have replaced the summation with integral over energy. Here, we have used the fact that at T = 0, all the energy levels with energy greater than E F will be unoccupied. We then obtain the relation,
with n defined by
Note that the average energy U is
and using (16) by replacing summation with integral, we find the energy density as given by
This reduces for the case
Once we have the expression for the energy density, we could easily find out the expression for pressure. We first calculate the number density using the eqn. (22) for an electron in noncommutative spacetime,
We find,
where we have introduced a new variable, x F = p F mc . The function χ(x), which is introduced to write the expression for number density in a compact form, has the form
Demanding that number density to be always non-negative implies that ax ∼ 10 −22 , when x >> 1. This sets an upper bound to the deformation parameter as 10 −22 m. More on this will be discussed later.
We calculate the energy density ρ, using eqn. (11) in (25) and in the relativistic limit we get
where we have used eqn. (8) . Eqn. (31), can be re-expressed as
The ∓ sign in the equation is due to the fact that we have two different choices of ϕ, with each sign will corresponding to a specific choice of realization. Further, it is to be noted that in the commutative limit (a → 0) this reduces to the familiar expression for density. From, eqn.(21), we have
In a compact star, the pressure is dominated by the pressure of the gas of Fermions. We assume that the temperature of the star is small, so that Fermi gas at T = 0 is a good approximation (see for example, [28] for a nice discussion). Since energy density of white dwarf is dominated by nucleons, we write, to a good approximation
where suffix p refers to proton, n p is number density of protons and the factor α takes into account the mean number density. Now, since the star is electrically neutral, we have n e = n p . Therefore, using eqn. (28), we write
We have neglected the correction to number density due to non-commutativity, as the correction term is negligible at the desired energy range. Although, we do have a non-commutative correction for (35), in writing the (35) we have neglected this term as this will only generate higher order corrections in a when used in the expression for pressure given by (33) . Since in this letter, we are concerned only with very high energy effects, we will work with electrons at ultra-relativistic regime. By relativistic, we mean that the Fermi momentum of the electron to be much larger than it's rest mass, i.e., x F ≫ 1. In this limit, the function χ(x) introduced in eqn. (28) is
Using
R and using eqn. (36) in (33) to obtain
In the limit, a → 0, we retrieve the commutative result. Also note that the a-dependent corrections in the above equation is independent of temperature as in the commutative case.
Backed with this result, we now turn to the study of stability of star under gravitational force. For a star to be gravitationally stable, we require that the change in its radius (assuming only radial force are present) due to gravitational force to balance the pressure due to the gas. Thus,
where f is a number of order unity and depends on the functional form of density as function of radius R. We obtain the pressure as 1
For the remaining analysis, we keep only terms of the order of a. This means that we write the expression for hydrostatic equillibrium as f 4π It should be emphasized that the above expression depends on two parameters, f and µ which depend on the density distribution of matter inside star and its composition, respectively. Since, with only '+' sign we obtain a consistent physical expression, we choose the realization ϕ = e +ap 0 for the rest of this paper. If we had chosen the realization, ϕ = e −ap 0 , we obtain a hydrostatic equilibrium condition which do not have a valid physical solution (see discussion after eqn. (50)).
Recall that the mass of the sun, which is a standard unit for measuring stellar masses is known upto first three decimal places exactly. To be precise, the current accepted value of solar mass is 1 Gravitational constant G can have corrections due to the effects of non-commutativity. For eg. in [32] , it was shown, in the study of BTZ black hole, that
, where a is the deformation parameter and A is a numerical constant. However, in here we are not considering such corrections of G as it will not change the bounds on a considerably.
given by M ⊙ = 1.98848(9) × 10 30 kg [33] . This means that deviation due to non-commutative term from commutative results is experimentally detectable, at the present level, if the ratio of second term in RHS of (40) to the first term is of the order of 10 −3 . In other words, we find that the effect of non-commutativity is significant when, 12 20
or, plugging the value of proton mass into this expression, we have
Since, white dwarfs generically have mass of the order of solar mass, M ⊙ (i.e., ∼ 10 30 kg) and radius of the order 10 6 m. This implies a bound on the value of deformation parameter a to be 10 −16 m. That is, the deformation parameter should be at the most as large as 10 −16 m (a < 10 −16 m).
Further, note that when contribution of the non-commutative term becomes much larger than the a-independent term, the expression obtained by neglecting the commutative term in eqn. (40), is of the form f 4π
The above equation do not have a physically valid solution and hence we will not consider this situation as it will lead to a solution of a star which is gravitationally unstable. The above requirements yields us an upper bound on a of the order of 10 −10 m. In other words, if the deformation parameter is larger than 10 −10 m (i.e., a > 10 −10 m), then we do not have a physically acceptable white dwarf solution. This puts up another physical constraint on the value of deformation parameter. We have yet another constraint from (22) for the case x ≫ 1. This is obtained from the physical condition that number density cannot be negative. Here we obtain that the deformation parameter should be atleast of the order of 10 −22 m. Thus we see that the most stringent condition we get on the deformation parameter is a < 10 −22 m.
3 Alternative derivation for pressure using generalized uncertainty principle
One of the consequence of quantum gravity is that the spacetime loses its operational meaning at energy scale compared to Planck scale. An interesting aspect of this effect is modification of uncertainty principle [1] . Here in this section, we use generalized uncertainty principle to derive the expression for pressure inside a compact star. Let us consider a Fermi gas with uncertainty in the position of the particle given by ∆x. For a Fermion restricted to region ∆x, the pressure exerted is
The work done, by the relativistic gas, on a region of size ∆x is W = 2 × (∆p)c. The factor 2 is because of the fact we consider a degenerate Fermi gas which can hold at most two Fermions per state. We thus write the expression of pressure for a gas of relativistic particle as (for a standard derivation in commutative spacetime, see for eg. [28] )
We now look for the effect of generalised uncertainty principle on the pressure. We use a generalised uncertainty relation consistent with κ-deformed theories, as shown in [34] , i.e.,
Note that in the limit a → 0, this reduces to usual uncertainty principle.
The order of magnitude of this parameter is related to the length scale at which quantum gravity becomes important. The minimum possible volume occupied by N Fermions, in accordance with Pauli exclusion principle is
Using eq. (46) and (47) in (45), we obtain P ≈ c .
This reduces to the well known results in commutative space when a → 0. The number density of Fermions inside a compact star of volume, V is
where M is the total mass of the star, Z is the atomic number of nuclei with which the star is composed of, A is the total number of nuclei, m p is the mass of proton and R is the radius of the star. We re-express (48) as 
Comparing the above expression with eqn.(37), we see that eqn.(48) and (37) are identical, modulo numerical factors, if we choose the realization, ϕ = e +ap 0 . Note that here we have kept terms upto first order in deformation parameter a. Applying the analysis, analogous to the one applied in deriving eqn.(50) from eqn.(40), we find that the deformation parameter satisfies the bound, a < 10 −16 m for a typical white dwarf. Thus the GUP valid for κ-deformed spacetime leads to the same upper bound in a we have obtained from (40).
Conclusions and discussions
In this letter, we have analyzed the stability of compact stars in the κ-deformed spacetime and have obtained upper bounds on the deformation parameter a. We have treated the compact star as a degenerate Fermi gas, where degenerate pressure and gravitational pressure are in equilibrium.
We have studied this problem in two different ways. First, we used well known tools of statistical mechanics to calculate degeneracy pressure. Here the effect of non-commutativity of the spacetime enters through the modified density of states. This modification is due to the change in energy momentum dispersion relation in κ-spacetime. This also leads to a modification of number density. In the second approach, the effect of κ-deformation is introduced through the GUP associated with the κ-spacetime. Scale dependent modification of Heisenberg uncertainty relation is characteristic feature of many approaches to quantum gravity. Here, we start with a generic form of GUP, valid for κ-spacetime which is parameterised by deformation parameter and using it evaluates the degeneracy pressure of Fermi gas. We then analyze the degeneracy pressure of Fermions in κ-spacetime and obtain a bound on the deformation parameter. This bound is exactly the same as the one obtained from the pressure evaluated using the partition function. Summing up information from all the bounds, we conclude that to yield physically sensible result the deformation parameter must be lower than 10 −22 m (i.e., a < 10 −22 m).
In doing this calculation we have assumed that x F = R yields us the relation, M 1 3 ≫ 10 2 R or M ≫ (10 6 kg/m 3 )R 3 , where M is the mass of star, R is the radius and m p is the proton mass. This means that for mass of order of solar mass the radius of the star for which our approximation is valid is roughly 10 5 km. These estimates gives us a fair understanding of scale of stars for which our calculations are applicable. In addition, from the analysis of eqns. (40), (50) along with eqn. (28), we find that the magnitude of deformation parameter should be always less than 10 −22 m (a < 10 −22 m) for physically consistent results.
Taking into account of the physical parameters, such as mass of electron, radius of sun, solar mass and speed of light, and from eqn.(40) and eqn. (22) we find that the deformation parameter has an upper bound of the order of 10 −22 m. If the value of a is larger than this bound (i.e., a > 10 −22 m), we find that there are effects which are unphysical such as number density becoming negative. Since, clearly, this is contrary to what are being observed in nature, this bound on a is a strong physical constraint on value of deformation parameter,a.
In addition to the derivation of the constraints on the deformation parameter a, we are able to fix the choice of realization of κ-spacetime by utilizing the generalised uncertainty relation obtained in [34] . If we compare the expression of the pressure given in eqn.(37) for degenerate Fermi gas using statistical mechanics and the pressure obtained by utilizing GUP as given in eqn.(50), we find that the realization should be ϕ = e +ap 0 , for both the expressions to be equivalent. This helps us in fixing the sign in the choice of ϕ. This is crucial in the sense that once we identify the realization that describe nature in the correct manner, we could use this realization in the future investigations to understand the consequences of noncommutativity in different physical systems.
